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Introduction. A natural number is called a congruent number if it
is the area of a right triangle with rational sides. It is well known that a natural number is congruent if and only if the corresponding elliptic curve has infinitely many rational points. There have been several interesting and remarkable results about congruent numbers. For example, all natural numbers that are ≡ 5, 6 or 7 (mod 8) are congruent provided that the weak Birch-Swinnerton-Dyer conjecture holds true.
In [6] Fujiwara extended the concept of congruent numbers by considering general (not necessarily right) triangles with rational sides. Let θ be a real number with 0 < θ < π. In what follows, we call a triangle with rational sides and an angle θ a rational θ-triangle. We note here that, for such a triangle, cos θ is necessarily rational. A rational cos θ can be written as cos θ = s/r, r, s ∈ Z, gcd(r, s) = 1, r > 0. We denote √ r 2 − s 2 by α θ , which is a rational or a quadratic real uniquely determined by θ. θ-congruent numbers are defined as follows. Throughout our paper, θ is always assumed to be 0 < θ < π and cos θ ∈ Q.
Definition. A natural number n is θ-congruent if nα θ is the area of a rational θ-triangle. θ-congruent numbers for θ = π/2 are nothing but ordinary congruent numbers, since α π/2 = 1. Let E n,θ be an elliptic curve defined by y
, where r and s are determined by θ as above.
Theorem (Fujiwara, [6]). Let n be any natural number. Then
(1) n is θ-congruent if and only if E n,θ has a rational point of order greater than 2.
(2) For n = 1, 2, 3, 6, n is θ-congruent if and only if E n,θ has a positive Q-rank. So far as sufficient conditions for congruence are concerned, it has been proved, by analytic methods, that primes n ≡ 5, 6, 7 (mod 8) are π/2-congruent ( [1, 2, 6] ). π/2-congruent numbers are relatively easier to handle since E n,π/2 has complex multiplication, whereas E n,π/3 and E n,2π/3 do not. However, for θ = π/3 or 2π/3, we can make a reasonable conjecture based on existing conjectures and computer calculation. For instance, Cassels proved that dim 2 X(E/Q) [2] is even for any elliptic curve E/Q provided that the 2-primary part of X(E/Q) is finite. Since X(E/Q) is conjectured to be finite, the proposition of Section 2, the Birch-Swinnerton-Dyer conjecture and computer calculation lead us to the following conjecture. The second part of our theorem constitutes a partial answer to the above conjecture.
Proofs of the Lemma and of the first part of the Theorem
Proof of the Lemma. Consider the isogenous elliptic curve E * n,θ : ny
By Fujiwara's theorem n is θ-congruent if and only if E * n,θ has a rational point (x, y) of order greater than 2, for which we can assume
Examples. (1) Taking p = 1, q = 1 and θ = π/2, we obtain a π/2-congruent number 6. In fact, 6 is the area of a right triangle with sides 3, 4 and 5.
(2) Put p = 61991193600 = 2 Here we restrict our attention to special cases θ = π/3 and 2π/3, and will try to prove the first part of the main theorem. First we prove the next proposition.
Proposition. Let p be a prime greater than 3 and X(E/Q) be the Shafarevich-Tate group of E over Q. Then 
has Z/2Z × Z/2Z as the torsion subgroup. This is immediately verified by the well known facts ( [10] , for instance Mazur's theorem (Thm. 7.5, p. 223)) and by the duplication formula.
Assume first that θ is 2π/3. Let φ be the two-isogeny of E p,2π/3 defined by
and let E p,2π/3 : y
x be the isogenous elliptic curve given by φ. Then, by the well known fact (Prop. 4.9, p. 302, [10] ), the φ-Selmer group over Q satisfies
where C d is a curve given by dw
. We now check the solubility of C d in each local field and shall determine S
Suppose that d is negative and that C d (R) = ∅. Then the left hand side of C d is negative, whereas the right hand side is not. It follows that C d has no solution in R. Suppose next that d = 2k with k = 1, 3, p, 3p and that C 2k (Q 2 ) = ∅. Take the valuation v 2 at 2 of both sides. Then v 2 (LHS) is odd, while v 2 (RHS) is even, a contradiction. A similar argument tells us that C 3 and C 3p do not have Q 3 -solutions. We now investigate the last possible candidate d = p: Similarly p ≡ 1 (mod 3) suffices to yield a solution of C p in the local field Q 3 , while p ≡ 1, 3, or 5 (mod 8) suffices for Q 2 . To sum up all, Note that necessary information for p ≡ 13 (mod 24), θ = 2π/3 is missing above. For this case, we need to replace x by x − p in E p,2π/3 , and to check that C d (Q) and C d (Q) are empty for d = ±1, ±2, ±3, ±6, ±p, ±2p, ±3p, ±6p , where
Suppose that p is congruent modulo 24 to 13 and that C p has a rational solution (w,
here), we can reduce the problem to proving the non-existence of integral solutions (M, e, N ) of pN
2 ) with gcd(M, e) = gcd(N, e) = gcd(M, N ) = 1. There are 4 cases to consider:
(c) is insoluble modulo 3. (a), (b) and (d) are also insoluble modulo 24. Therefore C p has no rational solution.
Similarly we obtain C d (Q) = ∅ and C d (Q) = ∅ for all d = ±1, ±2, ±3, ±6, ±p, ±2p, ±3p, ±6p. Thus the rank of E p,2π/3 (Q) is zero when p is congruent modulo 24 to 13. This completes our proof.
The same argument tells us that the Q-rank of E n,θ is 0 when n is 1, 2 or 3 and θ = π/3 or 2π/3. However 1 is π/3-congruent, as E 1,π/3 (Q) has a rational point of order 8.
From the proposition, we obtain the following corollary, first half of which was first proved in [6] .
Corollary. Let p be a prime. If p ≡ 5, 7, 19 (mod 24), then p is not π/3-congruent. If p ≡ 7, 11, 13 (mod 24), then p is not 2π/3-congruent.
3. Proof of the second part of the Theorem. In the last section we showed the first half of our main theorem. In this section, we prove the remaining part.
Remark. The n-twist of an elliptic curve E :
We usually identify all isomorphic elliptic curves over Q. In our case,
Let us quote a theorem of B. J. Birch [1] , which deals with Heegner points, a special kind of non-trivial rational points.
Theorem (Birch, [1] ). Let p be a prime congruent modulo 4 to 3 and suppose that p = 96T As we saw in the above remark, the elliptic curve E in Birch's theorem is isomorphic over Q to E 1,π/3 of which E p,2π/3 is the (−p)-twist. We only have to check whether our p is one of the exceptional primes in Birch's theorem or not. According to [1] , exceptional primes are related to a map π from a model X 0 (24) to Fricke's quartic curve C 24 ( [1, 4] ). For more details, we now review Fricke's work and apply it to our situation.
Let Γ 0 (24) be the congruence subgroup of SL 2 (Z) as usual, H be the upper half plane, H * be its completion, and F 0 (24) be the fundamental domain for Γ 0 (24) whose cusps are 0, 1/12, 1/8, 1/6, 1/4, 1/3, 1/2, ∞ there. Furthermore let j be a modular invariant of SL 2 (Z) and j 24 (z) = j(24z). The functions j and j 24 are known to satisfy an algebraic identity F 24 (j, j 24 ) = 0, and the curve J 24 : F 24 (u, v) = 0 is a model of X 0 (24) = H * /Γ 0 (24) ( [1, 5] ). (j, j 24 ) is actually a holomorphic map from X 0 (24) to J 24 and can be recognized as a map from F 0 (24) to J 24 .
Here we must note that J 24 has a singularity on the quadratic surd z for which there exists an element z ∈ F 0 (24) such that z and z are not equivalent by Γ 0 (24), whereas (j(z), j 24 (z)) = (j(z ), j 24 (z )). Namely, 
